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Abstract. In this manuscript, we discuss three open problems on direct 
products of groups. In spite of the fact that the problems are all easily 
stated and comprehended, they have stood the test of time and defied many 
efforts. 
I. Introduction 
Recently, I began to reminisce about some forty-five years ago, when as 
an undergraduate student, I first heard of "Fermat's Last Theorem" and how 
impressed I was. Not because the equation an+bn=c n was so fascinating to 
me. Not because I intended to do research in anything at all at that time. 
But rather that I could easily understand it and it was, at that time, the 
mountain that could not be climbed! Clearly, I was not alone in these 
feelings. Within the last years, I thought to myself that I am now aware of 
some extremely easily stated and easily comprehended problems (no comparison 
to Fermat intended[) on direct products of groups which have defied many 
efforts over a long period of time and that I might be performing a useful 
service if I could write these problems up in a suitable way, the primary 
motivation being again, the ease of comprehension and the joy of beholding 
the seemingly "unclimbable" mountain. A secondary motivation is that 
problem 2 seems to be of interest to numerous mathematicians, especially 
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topologists, since many have written to me about some form of the problem 
over the years. Finally, both problems I and 2 can be just plain fun once 
you start to play with them. 
Hence, in summary, in this paper I mention three open problems on 
direct products, a concept which is now standard in undergraduate courses in 
modern algebra or group theory. All of the problems are easily stated and 
have been around for a long time. Collectively, they point to the phenome- 
non that the direct product structure, whose basic def init ion is easily 
grasped, is deceptively cryptic and has proved to be among one of the most 
difficult areas in which to obtain results. There is a rich history in the. 
study of the concepts involved in the problems that I mention, a hint of 
which I have given in some of the relevant references and in side remarks. 
In section 5, I have included, for the sake of completeness or for the 
sake of those not familiar with the concepts, some very br ief  defining 
properties of f initely presented groups and free products. This section may 
be either skipped or browsed through as is necessary. Finally, we mention 
that in the sequel, the effect of a function ~ on the element a is designat- 
ed as am. 
2. Hopficity 
A group G is said to be hopfian if every surjective endomorphism ~ of G 
onto G is an automorphism. The name is chosen in honor of H. Hopf who 
showed that certain groups arising in topology (the fundamental groups of 
closed two-dimensional orientable surfaces) are hopfian [27], p. 415. An 
alternate way of describing a hopfian group is as follows: G is hopfian if 
G is not isomorphic to a proper factor group of itself. That is, if G is 
hopfian and G/K = G, then K = i. Any finite group is hopfian. The additive 
group of integers is hopfian. To see this, note that if ~ is a surjective 
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endomorphism of G which is not an automorphism and if K. is the kernel of 
i 
i , then the K. form an ascending sequence of normal subgroups of G, each K. 
l i 
properly contained in Ki+ I. Any group G with such a sequence of normal 
subgroups is said to fail to obey the maximal condition on normal subgroups. 
However, an infinite cyclic group obeys the maximal condit ion on normal 
subgroups so that our assertion about the additive group of integers is 
clear. More generally, any finitely generated abelian group is hopfian. To 
see this, recall that a finitely generated abelian group is a direct product 
of cyclic groups and note that if two groups obey the maximal condit ion on 
normal subgroups, then so does their direct product. On the other hand, the 
additive group of real numbers, R, is an example of a familiar group which 
is not hopfian. We can give a three line proof of this using vector spaces, 
but perhaps the following proof provides some insight. Let w be any tran- 
scendental number (for example, take w = ~). Let H be the set of all 
polynomial  expressions in w with rational coefficients that is, 
... w r } H = { c o + ClW + c2 w2 + + c r 
where r 
because 
is an integer, r _> 0, and the c. are rational numbers. If h c H, 
1 
w is transcendental, h is uniquely expressible in the form 
2 r 
(2.1) h = c O + ClW + c2w + .-. + CrW 
where the c i are rational. Define a "shift" mapping ~ of H onto H as fol- 
iOWS " 
ca - 0 if c is rational 
and if h is as in (2.1) with r _> I, then 
2 r-i 
ha = c I + c2w + c3w + ... + CrW 
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Clearly ~ is a surjective endomorphism of H which is not an automorphism. 
Moreover, H is a divisible abelian group. That is, for every h in H and for 
every natural number n, n ~ i, we can find y in H with h = ny. But for 
any abelian group G, a divisible subgroup H is a direct factor of G 
[35]. Hence H is a direct factor of R. Since any group which has a 
non-hopfian direct factor is non-hopfian, R is not hopfian. For those 
familiar with vector spaces, we can argue that R is not hopfian by viewing 
R as a vector spare over the rationals. Since R is uncountable, this is 
an infinite dimensional vector spare. Now R has a basis over the ration- 
als and every element of R is uniquely expressible as a linear combination 
of these basis elements. Now we can define a shift endomorphism a as in the 
proof above. The same argument shows that the additive group of any un- 
countable vector space over a countable field is non-hSpfian. 
From the beautiful, deep work of [32], (see [33] for a discussion of 
this result) it follows that if F I and F 2 are finitely generated hopfian 
groups, their free product, F I * F2, is hopfian, so that for example a 
finitely generated free group is hopfian. On the other hand, there exist 
hopfian groups F I and F 2 whose free product is non-hopfian [34]. Also there 
exists an abelian hopfian group H whose direct square H x H is not hopfian 
[8]. The results above might hint at the difficulties involved in solving 
the following problem. 
Problem I: Let G be a hopfian group and let J be the infinite cyclic group. 
Is the direct product of G and J, G × J, hopfian? 
The answer to problem i is yes if either 
(a) G is abelian [13] 
(b) G is finitely generated [16] 
(c) Z(G), the center of G, is infinite cyclic [21] 
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(d) ×nG, the direct product of n copies of G, is hopfian for all 
n [19]. 
Other conditions are given in [19], [14] and [7]. 
3. A = AxK, A f initely generated, K~I 
A finitely generated A, A~I with A = AXA is constructed in [25], [6], 
[28], [29]. It is natural to ask: 
Problem 2: Does there exist a finitely presented group A with A = AxK, K~I? 
A form of the above question was posed by Peter Hilton in the 1950's in 
connection with some topological problems related to the work of Lusternik 
and Schnirelmann [12]. Over the last few years, the author has received 
numerous queries from topologists on various forms of this question and it 
is possible that [6] started out as an attempt to answer a similar question. 
Definitely, [29] was a result of a long effort to answer the question. A 
method of constructing a finitely generated A as in the title of section 3 
with K f initely presented, is given there. In that paper a method for 
constructing a homomorphism ~ of a finitely presented group A onto a finite- 
ly presented group AxK, K~I is given. The upper kernel i of ~ is then 
defined as 
i = { a, aEA, a~n~A for all n>0 } 
i then has the property that ~ -I = i so that 
(A/i) = (AxK)li = (A/i) × K 
Hence the answer to problem 2 will be yes if A and ~ can be chosen so that i 
is the normal closure of a finite number of elements. Some other results on 
the upper kernel are given in [23]. 
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4. A Problem For Quick Fame 
The reader should be warned that a more realistic title for this 
section might be, "A Problem To Spend A Lifetime On." The problem, in 
another form, dates back to the early 1900's and is related to one of the 
most famous open problems in mathematics today, the Poincarg Conjecture 
([9], p. 80). The problem then, is presented, tongue in cheek, but as they 
say, "You never know." 
Let g be a positive integer, g>l. Let S be a group on 2g generators, 
g 
al,bl, a2,b 2 ....  ag,bg with the single defining relation 
[al,bl] [a2,b2] ... [ag,bg] = i 
That is the product of the g commutators, [ai,bi] , is I (Here [a,b] = 
a-lb-lab). Let F be the free group on g elements. Let 8 be an arbitrary 
g 
homomorphism of S onto F xF . 
g gg  
Problem 3: Can one always find a non-trivial free product A,B, A~I, B~I and 
a homomorphism ~ of S onto A*B and a homomorphism ? of A*B onto F xF such 
g gg  
that 8 = ~7? 
The connection referred to above between problem 3 and the Peincar~ 
Co~ecture is given by the following remarkable result of Stallings and Jaco 
(see [24], [36] or [26], p. 195). 
Theorem: The Poincar4 Conjecture is true if and only if the answer to 
problem 3 is yes for every g>l and for every 8. 
5. Appendix - Finitely Presented Groups, Free Products 
For the sake of completeness, we mention here some defining properties 
of finitely presented groups and of free products. A finitely presented 
group is merely a finitely generated group such that there is a finite 
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number of relations among these generators such that every relation among 
these generators is derivable from the specified finite number of relations 
by using the given relations and the axioms of a group. As an example, if 
we write 
(5.1) G = < a,b; a-lba = b 2, b 3 = I, a 2 = i > 
we mean that G is generated by a and b and the relations 
(5.2) a'Iba = b 2, b 3 = i, a 2 = i 
hold in G and any other relation in G involving a and b may be derived from 
the relations (5.2) and the axioms of a group. We say that the relations 
(5.2) are a set of defining relations for G and (5.1) is called a presenta- 
tion of G. 
A group C will be the free product of two of its subgroups G I and G 2 
(called the factors of G) provided that 
(a) G I and G 2 generate G 
and 
(b) the identity of G may not be expressed as a product of r non- 
trivial terms u.l, l~isr, rz2 with successive terms u i and ui+ I being in 
distinct factors for each i, iSisr-l. 
To rephrase (b), if G is the free product of its subgroups G I and G 2 
and if g~G and 
g = UlU2U3... Ur, rZ2 
and u i and ui+ I are in distinct factors for each i, l~i~r-I and ui~l , l~i~r, 
then g~l. When G is the free product of its subgroups G I and G 2 we write 
G - GI*G 2. The concept Of being a free product of two subgroups G I and G 2 
is easily generalized to being a free product of n subgroups, 
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(5.3) G = GI*G 2 *'''* G n. 
- i - i  
If G = GI*G 2 and gleGl , g2cG2, gl~l, g2~l, then (b) above implies glg2g I g2 
i and (glg2)n ~ I, n>0. Hence a non-trivial free product is a non-abelian 
infinite group. 
We say a group G is a free group on the generators Xl,X2, ... Xn if the 
x i generate G and every relation in G on the x i is derivable from the axioms 
of a group. If n is finite, G is finitely presented with a vacuous set of 
defining relations. A free group G on n generators x i may be viewed in the 
form (5.3) where each G. is an infinite cyclic group generated by x.. 
i 1 
An excellent way to obtain a better understanding of the above concepts 
is to "browse" through the first few chapters of [27]. 
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